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Abstract. We propose in this paper a new fully unsupervised model
based on a Dirichlet process prior and the inverted Dirichlet distribution
that allows the automatic inferring of clusters from data. The main idea
is to let the number of mixture components increases as new vectors
arrive. This allows answering the model selection problem in a elegant
way since the resulting model can be viewed as an inﬁnite inverted Dirichlet mixture. An expectation propagation (EP) inference methodology is
developed to learn this model by obtaining a full posterior distribution
on its parameters. We validate the model on a challenging application
namely image spam ﬁltering to show the merits of the framework.

1

Introduction

Contemporary times have witnessed an exponential increase in the volume of
data generated everyday. These data can be textual or visual (in the form of
images and videos). The organization, analysis, and modeling of these data is
a crucial problem that has been growing in importance. One of the challenging
data analysis tasks is clustering. Finite mixture models have been widely used
for clustering since they oﬀer a formal approach for unsupervised learning [1].
Many statistical frameworks based on ﬁnite mixture models have been proposed
in the past. Despite the fact that the majority of these frameworks assume that
the per-components densities are Gaussian, some recent works have considered
other densities by taking the nature of the data into account. Examples of these
research works includes inverted Dirichlet-based models, which we will consider
in this paper, for semi-bounded data (i.e. positive vectors) [2]. An important
problem when deploying mixture models is the automatic selection of the number of components. This problem has been tackled in [2] using the minimum
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message length approach that has been shown in [3] to be a generalization of
several other well known model’s selection criteria. The main problem with this
approach is that it needs running the estimation algorithm for diﬀerent number
of components and then selecting the optimal one according to the resulting
message length which is actually time consuming. In this paper we go a step
further by considering an inﬁnite number of mixture components components
[4] via a nonparametric Bayesian approach [5].
Nonparametric Bayesian approaches, which are statistically well based, have
received a lot of attention recently and are now well-understood and accepted.
These approaches are generally based on considering Dirichlet processes (DPs)
[6]. DPs allows a technically sound approach for unsupervised Bayesian clustering and have been deployed in a variety of domains and applications such as
computer vision, pattern recognition, data mining, and information retrieval [7–
9]. In this paper, we rely on DPs to develop our nonparametric Bayesian model.
Indeed, the proposed work can be viewed as an extension of the ﬁnite mixture
framework developed in [10], based on the inverted Dirichlet [2], to the inﬁnite
case. The main idea is to allow the complexity and accuracy of the model to
increase as the data size increases [11–13]. Having the inﬁnite inverted Dirichlet mixture model in hand, a challenging problem that we will tackle in this
paper is the learning of its parameters. Markov Chain Monte Carlo (MCMC)
techniques have dominated the literature in the case of inﬁnite mixture models
learning. Unfortunately MCMC approaches have been shown to be computationally extensive. Thus, we consider here, a deterministic approximation technique
to MCMC, known as expectation propagation (EP), has been introduced and
has been shown to be a good learning alternative [14–16]. EP is an extension
to assumed-density ﬁltering (ADF) [17] which is a one pass, sequential approximation method. In contrast to the ADF, the order of the input data points is
not crucial in the EP inference and its inference accuracy is improved by reusing the data points many times. This allows the simultaneous estimation of
the parameters and selection of the number of clusters. The resulting statistical
framework is applied to tackle the challenging problem of image spam detection
where visual content of emails is considered for the ﬁltering task.
The remainder of this paper is organized as follows. Section 2 presents our statistical framework. Section 3 develops in details the model’s expectation propagation learning approach. The experimental evaluation is given in Sect. 4. Finally,
Sect. 5 draws the conclusion.

2

Model Specification

In this work, we focus on the Dirichlet process mixture of inverted Dirichlet distributions, which can also be considered as an inﬁnite inverted Dirichlet mixture
model since it is composed of an inﬁnite number of mixture components.
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Finite Inverted Dirichlet Mixture Model

If a D-dimensional random positive vector X = (X1 , . . . , XD ) is distributed
according to the inverted Dirichlet mixture model with J components, then the
probability density function of X is given by
p(X|π, α) =

J


πj ID(X|αj ) ,

(1)

j=1

where π = {πj } are the mixing proportions that have to be positive and sum to
unity. ID(X|αj ) is the inverted Dirichlet distribution associated with the jth
component and is parameterized by αj = (αj1 , . . . , αjD ) as
D+1
D
D

− D+1
Γ ( l=1 αjl )  αjl −1 
l=1 αjl
ID(X i |αj ) = D+1
1+
Xil
Xil
Γ
(α
)
jl l=1
l=1
l=1

(2)

where 0 < Xil < ∞ for l = 1, . . . , D, αjl > 0 for l = 1, . . . , D + 1. The mean,
variance and covariance of the inverted Dirichlet distribution are given by
E(Xl ) =

αl
(αD+1 − 1)

(3)

αl (αl + αD+1 − 1)
(αD+1 − 1)2 (αD+1 − 2)
αa αb
cov(Xa , Xb ) =
(αD+1 − 1)2 (αD+1 − 2)

(4)

var(Xl ) =

2.2

(5)

Stick-Breaking Representation

In this section, we extend the ﬁnite inverted Dirichlet mixture model to the
inﬁnite counterpart using Dirichlet process prior with stick-breaking construction
[18]. Assume that a random distribution G is distributed according to a Dirichlet
process G ∼ DP(b, H) with the base distribution H and concentration parameter
b, its stick-breaking representation can be described as
λj ∼ Beta(1, b),

θj ∼ H,

πj = λj

j−1


(1 − λs ),

s=1

G=

∞


πj δ θ j

(6)

j=1

where δθj is the Dirac delta measure
∞ centered at θj , πj are the mixing proportions with the constraint that j=1 πj = 1. If a set of N i.i.d observations
X = (X 1 , . . . , X N ) follows an inverted Dirichlet mixture model with an inﬁnite
number of components, then the probability of X is deﬁned as
p(X |π, α) =

N
∞


i=1

j=1

πj ID(X i |αj )

(7)
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EP-Based Learning
Expectation Propagation

In this subsection, a brief introduction to the EP approximation scheme is presented. Consider an observed data set of N i.i.d vectors X = (X 1 , . . . , X N )
which follow a model with unknown parameter Θ, then the joint distribution of
X and Θ can be represented in the form of a product of factors as in [14]:

fi (Θ)
(8)
p(X , Θ) =
i

One possible factorization is to consider N + 1 terms (the prior term + the data
terms) as: f0 (Θ) = p(Θ) and fi (Θ) = p(X i |Θ), i = 1, . . . , N . The main idea
of the EP algorithm is to approximate the posterior distribution p(Θ|X ) by a
product of factors:

fi (Θ)
(9)
q(Θ) =  i
i fi (Θ)dΘ
where each factor fi (Θ) is an appropriate approximation to fi (Θ). In the EP
learning framework, we ﬁrst initialize all the factors fi (Θ), then each factor is
optimized sequentially in the context of the remaining factors. In order to estimate a speciﬁc factor fj (Θ), we ﬁrst remove it from the current approximation
to the posterior as
q(Θ)
(10)
q \j (Θ) =
fj (Θ)
We then obtain a new distribution by combining Eq. (10) with the true factor
fj (Θ) as
fj (Θ)q \j (Θ)
p(Θ) =
(11)
fj (Θ)q \j (Θ)dΘ
Consequently, we can update the approximated
posterior q(Θ) by minimizing

the KL divergence: KL p(Θ)  q(Θ) . This is achieved by matching the suﬃcient
statistics of q(Θ) to the corresponding moments of p(Θ). Then, we can update
the approximating factor fj (Θ) as
fj (Θ) = Zj

q(Θ)
q \j (Θ)

(12)

where Zj = fj (Θ)q \j (Θ)dΘ is a normalization constant. Therefore, each factor
can be updated iteratively in the context of remaining factors as described in
the above steps until convergence.
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EP Model Learning

In this section, we adopt Expectation Propagation (EP) to learn the inﬁnite
inverted Dirichlet mixture model. Since our model is fully Bayesian, we need to
introduce priors for parameters λ and α. Based on the stick-breaking representation of the Dirichlet process as deﬁned in Eq.(6), the prior of λ is a particular
Beta distribution parameterized by aj = 1 and bj in the form of
p(λ) =

∞


Beta(λj |aj , bj ) =

j=1

∞


bj (1 − λj )bj −1

(13)

j=1

For the parameter αj of the jth component of the inverted Dirichlet mixture
model, inspired by [19] in which a Gaussian assumption is adopted as the priors
for the parameters of Beta distribution, we adopt a D + 1 dimensional Gaussian
with mean vector μj and the precision matrix Aj (the inverse covariance matrix)
as the prior for αj as:
p(αj ) = N (αj |μj , Aj ) =

|Aj |1/2
exp
(2π)(D+1)/2


1
− (αj − μj )T Aj (αj − μj ) (14)
2

The ﬁrst step of EP learning is to initialize all of the approximating factors fi (Θ), where Θ = {α, λ}, by initializing all the involved hyperparameters:
{aj , bj , μj , Aj }. We also truncate the stick-breaking representation for the inﬁnite inverted Dirichlet mixture model at a value of J as:
λJ = 1 ,

J


πj = 0 when j > J ,

πj = 1

(15)

j=1

where the truncation level J is infered automatically during the EP learning process. Next, the posterior approximation q(Θ) is initialized by setting

q(Θ) ∝ i fi (Θ), where the corresponding hyperparameters of q(Θ) are denoted
as {a∗j , b∗j , μ∗j , A∗j }. Since each approximated term fi (Θ) is in exponential form,
we can easily compute the hyperparameters of q(Θ) according to [14,16],


ai,j − N,
b∗j =
bi,j − N
(16)
a∗j =
i

μ∗j =


i

A−1
i,j

i

 
i


Ai,j μi,j ,

A∗j =



Ai,j

(17)

i

In order to update the factor fi (Θ), we have to remove it from the posterior
q(Θ). Then, the corresponding hyperparameters can be computed analytically
as
\i
\i
bj = b∗j − bi,j + 1
(18)
aj = a∗j − ai,j + 1,


\i
\i
\i
Aj = A∗j − Ai,j
(19)
μj = Aj )−1 A∗j μ∗j − Ai,j μi,j ),
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Next, the updated posterior p(Θ) can be calculated as
p(Θ) =

1
fi (Θ)q \i (Θ)
Zi

(20)

where the normalization constant Zi is evaluated by

Zi = fi (Θ)q \i (Θ)

(21)

It is noteworthy that the normalization constant Zi in Eq. (20) is analytically
intractable, since it involves an integration over the product of an inverted Dirichlet and a Gaussian distribution. To tackle this problem, we apply the Laplace
approximation to approximate the integrand with a Gaussian distribution as
suggested in [19] (details can be viewed in Appendix A). After obtaining Zi and
p(Θ), we can revise the posterior q(Θ) by matching its suﬃcient statistics to
the corresponding moments of p(Θ). This is achieved by calculating the partial
derivative of ln Zi with respect to the corresponding model hyperparameters.
\i
For aj , we can calculate the partial derivative as
∇\i
aj ln Zi =

1
Zi


fi (Θ)

q \i (Θ)

∂

\i
q \i (λj )

∂aj

\i

\i

\i

\i

q \i (λj )dΘ
\i

= Ep[ln λj ] + Ψ (aj + bj ) − Ψ (aj )

(22)

By applying moment matching, we obtain
Ep[ln λj ] = Eq [ln λj ] = Ψ (a∗j ) − Ψ (a∗j + b∗j )

(23)

Similarly, we can compute the partial derivatives of ln Zi with respect to the
other model hyperparameters:
\i

\i

\i

\i

∇bj ln Zi = Ep[1 − ln λj ] + Ψ (aj + bj ) − Ψ (bj )
\i



\i

∇Aj ln Zi =

\i

(24)

\i

∇\i
[αj ] − Aj μj
μ j ln Zi = Aj Ep

1
\i
|(Aj )−1 | −
2

 D+1

l=1

(25)
\i

\i



2
Ep[αjl
] − 2Ep[αjl ]μjl + (μjl )2

(26)

The right hand sides in the above equations can be computed analytically by
using Eq. (39) in the Appendix. Furthermore, the expectations in the above
equations can be acquired by applying the moment matching technique as
Ep[αj ] = Eq [αj ] = μ∗j ,

Ep[α2j ] = Eq [α2j ] = (μ∗j )2

(27)
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By substituting the above expectations into the corresponding partial derivative
equations, we can update the hyperparameters of q(Θ). After obtaining q(Θ)
and q \i (Θ), we can update the revised hyperparameters for the approximating
factor fi as
\i
\i
ai,j = a∗j − aj + 1,
bi,j = b∗j − bj + 1
(28)
\i

\i

\i

∗ ∗
μi,j = A−1
i,j (Aj μj − Aj μj ),

Ai,j = A∗j − Aj

(29)

The above procedure is repeated until the hyperparameters of the approximating
factor converge. The same procedure is applied sequentially for the remaining
factors. The complete learning process is summarized in Algorithm 1.

Algorithm 1. EP learning of inﬁnite inverted Dirichlet mixture
1: Choose the initial truncation level J.
2: Initialize the approximating factors fi (Θ) by initializing all the involved hyperparameters {aj , bj , μj , Aj }.

3: Initialize the posterior approximation by setting q(Θ) ∝ i fi (Θ). The hyperparameters of q(Θ) are calculated by Eqs. (16) and (17).
4: repeat
5:
Select a factor fi (Θ) to reﬁne.
6:
Remove fi (Θ) from the posterior q(Θ) by division q \i (Θ) = q(Θ)/fi (Θ).
7:
Evaluate the new posterior by setting the suﬃcient statistics (moments) of q(Θ)
to the corresponding moments of p(Θ).
8:
Update the factor fi (Θ) by updating the corresponding hyperparameters as in
Eqs. (28) and (29).
9: until Convergence criterion is reached.
a∗
j
10: Calculate the expected value of λj as E[λj ] = a∗ +b
∗ , and submit it into Eq. (6) to
j

j

obtain the estimated values of the mixing coeﬃcients πj .
11: Detect the optimal number of components J by eliminating the components with
small mixing coeﬃcients close to 0.

4

Experimental Results: Image Spam Detection

Exchanging emails play an important role in our daily activities. Spam ﬁltering
has been one of the most challenging problems in digital communication in the
last couple of decades [20]. Spams do not only compromise ressources, but also
cause security problems. Various techniques and approaches have been proposed
in the past to deal with this problem. Many of the proposed solutions are based
on machine learning techniques. These techniques are able to detect and extract
hidden patterns that could discriminate between legitimates and spam emails.
Two major challenges in the spam ﬁltering problem are its dynamic nature and
dealing with the non-textual content. Thus, a good ﬁltering approach should be
adaptive [21,22] and should be able to deal with the presence in images in emails.
Contrary to textual data, images pose several signiﬁcant challenges. Indeed, it
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is important to choose an appropriate representation that can describe well the
content of the image present in a given email. And the resulting representation
should provide a semantically meaningful output which is very diﬃcult taking
into account the fact that an image possesses a rich structure. Embedding spam
images into emails is a successful trick that is widely used now by spammers. This
trick is generally referred to as image-based spam and has drawn some attention
recently [23–26]. In this section, we validate our proposed model in the challenging task of image spam detection. Our model is considered simultaneously
with the probabilistic Latent Semantic Analysis (pLSA) model [27] with bag-ofwords representation [28]. We have considered three challenging spam data sets
of images extracted from real spam in our experiments: the personal spam emails
collected by Dredze et al. [29], a subset of the publicly available SpamArchive
corpus used by [24,29] and the Princeton spam image benchmark1 . We have used
one common ham data set of images which was collected and used by Dredze
et al. [29]. In total, there are 2,550 images in the Dredze ham data set, 3,210
images in the Dredze spam data set, 3,550 images in the SpamArchive and 1,071
images in Princeton spam image benchmark. Sample spam images are shown in
Fig. 1. We have downsampled all images to the spatial resolution of 100 × 100
pixels as a preprocessing step. In our experiments, we have randomly divided
each data set (both ham and spam) into two halves: one for constructing the
visual vocabulary and another for testing.

Fig. 1. Sample spam images from Dredze spam data set.

We have proceeded as following in order to construct the visual vocabulary, First, the key points of each image were detected using the Diﬀerenceof-Gaussian (DoG) interest point detector and described using Scale-Invariant
Feature Transform (SIFT) resulting in a 128-dimensional vector for each key
point [30]. Then, the K-Means algorithm was used to cluster all the SIFT vectors into a visual vocabulary. We have constructed the visual vocabulary by
setting the number of clusters (i.e. number of visual words) to 800, 1000 and
850, respectively for each data set. The pLSA model was applied by considering
45 aspects for all data sets and each image in the data set was then represented
1

http://www.cs.jhu.edu/∼mdredze/datasets/image spam.
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by a 45-dimensional vector. Finally, the resulting vectors were clustered by our
mixture model. The entire procedure was repeated 10 times for evaluating the
performance of our approach. Tables 1, 2 and 3 represent the average confusion
matrices for detecting spam images of each data set using our mixture model. In
these tables, SI stands for spam images while HI denotes ham images. Moreover,
we compared the performances of our expectation propagation inﬁnite inverted
Dirichlet mixture (EPInInDM), inﬁnite inverted Dirichlet mixture (InInDM)
learned via MCMC technique as proposed in [31], variational inﬁnite inverted
Dirichlet mixture model (varInInDM) as proposed in [32], and variatioanl inﬁnite
Gaussian mixture model (varInGM) model in terms of the average classiﬁcation
accuracy rate and the average false positive rate. The corresponding results as
well as the number of correct detected images (both spam and ham) are illustrated in Table 4. Based on this table, the proposed EPInInDM model obtains
the highest average accuracy rate and lowest false positive rate.
Table 1. Dredze.
SI

HI

SI 1250
HI

Table 2. SpamArchive.

355

60 1215

SI
SI 1351
HI

Table 3. Princeton.

HI
424

93 1182

SI
SI 378
HI

HI
158

61 1214

Table 4. The number of correct detected images (both spam and ham) N̂ , and the
average classiﬁcation accuracy rate (Acc.) of image spam detection computed using
diﬀerent algorithms over 10 random runs.
Dredze
SpamArchive
Princeton
N̂
Acc. (%) N̂
Acc. (%) N̂
Acc. (%)
EPInInDM 2465 85.59
InInDM

5

2533 83.04

1592 87.90

2401 83.36

2488 81.49

1530 84.39

varInInDM 2290 79.51

2426 79.53

1441 79.50

varInGM

2360 77.39

1435 79.25

2263 78.58

Conclusion

We proposed an inﬁnite mixture model based on inverted Dirichlet distribution
to model positive vectors. We developed and evaluated an expectation propagation algorithm to learn the parameters of the proposed inﬁnite model. The
experiments conﬁrm the power of the proposed approach in tackling a very challenging problem namely image spam ﬁltering. The presented statistical framework is of general applicability, as it can work in any situation where positive
feature vectors are extracted.
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The calculation of Zi in Eq. (21)

A

The normalized constant Zi in Eq. (21) can be calculated as

Zi =

\i

fi (Θ)q (Θ)dΘ =

J

j=1

λ̄j

j−1



(1 − λ̄s )

s=1

\i

\i

ID(X i |αj )N (αj |μj , Aj )dαj
(30)

where λ̄j is the expected value of λj . Since the integration involved in Eq. (30) is
analytically intractable, we tackle this problem by adopting the Laplace approximation to approximate the integrand with a Gaussian distribution [19]. First,
we deﬁne h(αj ) as the integrand in Eq. (30):
\i

\i

h(αj ) = ID(X i |αj )N (αj |μj , Aj )

(31)

Then, the normalized distribution for this integrand which is indeed a product
of a Dirichlet distribution and a Gaussian distribution is given by
H(αj ) =

h(αj )
h(αj )dαj

(32)

Our goal for the Laplace method is to ﬁnd a Gaussian approximation which is
centered on the mode of the distribution H(αj ). We may obtain the mode α∗j
numerically by setting the ﬁrst derivative of ln h(αj ) to 0, where
D+1
D
D+1

Γ ( l=1 αjl ) 
+
(αjl − 1) ln Xil −
αjl
ln h(αj ) = ln D+1
l=1 Γ (αjl )
l=1
l=1
ln(1 +

D

l=1

1
\i
\i
\i
Xil ) − (αj − μj )T Aj (αj − μj ) + const.
2

(33)

We can calculate the ﬁrst and second derivatives with respect to αj as
⎡

⎤

αjl ) − Ψ (αj1 ) + ln Xi1 − ln(1 + D
l=1 Xil )
⎢
⎥
∂ ln h(α j )
.
⎥ − A\i (α j − μ \i )
.
=⎢
j
j
⎣
⎦
.
∂α j

D
Ψ ( D+1
α
)
−
Ψ
(α
)
+
ln
X
−
ln(1
+
X
)
jD
iD
jl
il
l=1
l=1
Ψ(

D+1
l=1

(34)

⎡  D
⎤
D
Ψ  ( l=1 αjl )
Ψ ( l=1 αjl ) − Ψ  (αj1 ) · · ·
∂ ln h(αj ) ⎢
⎥
\i
..
..
..
=⎣
⎦ − Aj
.
.
.
∂α2j
D
D
· · · Ψ  ( l=1 αjl ) − Ψ  (αjD )
Ψ  ( l=1 αjl )
(35)
2
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where Ψ (·) is the digamma function. Then, we can approximate h(αj )

1
h(αj )  h(α∗j ) exp − (αj − α∗j )Aj (αj − α∗j )
2

(36)

where the precision matrix Aj is given by


∂ 2 ln h(αj ) 
Aj = −


∂α2j

(37)
α j =α ∗
j

Therefore, the integration of h(αj ) can be approximated by using Eq. (36) as




1
(2π)(D+1)/2
exp(− (αj −α∗j )Aj (αj −α∗j ))dαj = h(α∗j )
2
|Aj |1/2
(38)
Finally, we can rewrite Eq. (30) as following:
h(αj )dαj 

h(α∗j )

Zi =

J

j=1

λ̄j

j−1

s=1

(1 − λ̄s )h(α∗j )

(2π)(D+1)/2
|Aj |1/2

(39)
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